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The ARPES spectra in high-Tc superconductors (HTSC) show four distinctive features in the
quasiparticle self-energy Σ(k, ω). All of them can be explained consistently by the theory in which
the electron phonon interaction (EPI) with the forward scattering peak (FSP) dominates over the
Coulomb scattering. In particular, this theory explains why there is no shift of the nodal kink at
70 meV in the superconducting state, contrary to the clear shift of the anti-nodal singularity at 40
meV . The theory predicts a “knee”-like structure of | ImΣ(ω) |=| ImΣph(ω) + ImΣ
C(ω) |, which
is phonon dominated, | ImΣ(ωph) |≈| ImΣph(ωph) |∼ piλphωph/2, for ω ≈ ω
(70)
ph , and shows linear
behavior | ImΣ(ω) |≈| ImΣph(ωph) | +piλC,ϕω/2 for ω > ω
(70)
ph - due to the Coulomb scattering.
ARPES spectra give λph > 1 - which is obtained from ReΣ, and λC < 0.4 - obtained from ImΣ,
i.e. λph ≫ λC . The dip-hump structure in the spectral function A(kF , ω) comes out naturally from
the proposed theory.
PACS numbers:
Introduction - The pairing mechanism in high-
temperature superconductors (HTSC) is under intensive
debate [1], [2]. In that respect ARPES experiments
play a central role for theory, since they give informa-
tion on the quasiparticle spectrum, life-time effects and
indirectly the pairing potential. Recent ARPES experi-
ments on various HTSC families, such as La2−xSrxCuO4
and BISCO [3], [4], [5], [6], show four distinctive fea-
tures in the quasiparticle self-energy Σ(k, ω): (I) There
is a kink in the normal state quasiparticle spectrum,
ω(ξk), in the nodal direction (0, 0) − (π, π) at the en-
ergy ω
(70)
kink . 70 meV , which is a characteristic oxygen
vibration energy ω
(70)
ph . However, the kink is not shifted
in the superconducting state, contrary to the prediction
of the standard Eliashberg theory [7]. The latter con-
tains integration over the whole Fermi surface and over
the energy giving that singularities in ω(ξk) (along all
directions) must be shifted in the superconducting state
by the maximal gap value ∆0; (II) In the anti-nodal
region, near (π, 0) (or (0, π)), there is a singularity in
ω(ξk) in the normal state at ω
(40)
sing ≈ 40 meV - which is
also a characteristic oxygen vibration energy ω
(40)
ph . This
singularity is shifted in the superconducting state (at
T << Tc) to ω ≈ 60 meV (= ω
(40)
ph +∆0), where ∆0(≈ 20
meV ) is the maximal superconducting gap at the anti-
nodal point. The experimental slopes of ReΣ(k, ω) at
the kink (and singularity) give the EPI coupling con-
stant λph > 1. The different shifts of ω
(70)
kink and ω
(40)
sing
in the superconducting state we call the ARPES non-
shift puzzle; (III) There is a a “knee”-like structure of
| ImΣ(ω) |=| ImΣph(ω) + ImΣ
C(ω) |, which is phonon
dominated | ImΣ(ω) |≈| ImΣph(ωph) |∼ πλphωph/2
with λph > 1 (obtained from ReΣ) for ω ≈ ω
(70)
ph , and
for ω > ω
(70)
ph there is a pronounced linear behavior of
| ImΣ(ω) |≈| ImΣph(ωph) | +πλC,ϕω/2 and λC < 0.4
(obtained from ImΣ) - due to the Coulomb scatter-
ing. It turns out that λph ≫ λC ; (IV) There is a dip-
hump structure in the spectral function A(kF , ω) with
the quasiparticle peak sharpening in the superconduct-
ing state near the anti-nodal point.
Before explaining these distinctive features by the
phonon-type theory we stress, that the ARPES spectra
especially the non-shift puzzle and “knee”-like structure,
can not be explained by the spin-fluctuation interaction
(SFI) due to the following reasons: (i) the intensity of
the SFI spectrum (∼ Imχ(Q,ω) - the spin susceptibil-
ity at Q=(π, π)), although pronounced in slightly under-
doped materials, is strongly suppressed (even below the
experimental resolution) in the normal state of the op-
timally doped HTSC oxides [10], although their critical
temperatures differ only slightly (δTc ∼ 1 K !). Such
a huge reconstruction of the SFI spectrum around the
optimal doping but with small effect on Tc gives strong
evidence for the ineffectiveness of the SFI in pairing. (ii)
The SFI theory [8] assumes unrealistically large coupling
gsf ≈ 0.65 eV , (with the coupling constant λsf ≈ 2.5),
while the ARPES [3], [4], [6], resistivity [1] and mag-
netic [9] measurements give much smaller gsf . 0.1 eV ,
i.e. λsf < 0.2 < λC . 0.4. Such a small λsf gives
small Tc; (iii) if the kink at 70 meV in the normal state
would be due to the magnetic spectrum, then it would
be strongly rearranged in the superconducting state, con-
trary to the ARPES results. On the other hand, the
phonon energies are only slightly (≤ 5%) changed in
the superconducting state.; (iv) the magnetic resonance
mode at 41 meV , which appears only in the supercon-
ducting state [8], can not cause the kink, since the latter
is present in La2−xSrxCuO4, where there is no magnetic
resonance mode at all [3]; (v) The non-shift puzzle and
“knee”-like structure of the ARPES spectra are related
2to phonon features, which definitely disqualify the SFI
and favor the electron-phonon interaction (EPI) as the
pairing mechanism. The four distinctive features in the
ARPES spectra can be explained by the theory in which
the electron-phonon interaction (EPI) with the forward
scattering peak (FSP) dominates over the Coulomb in-
teraction - the EPI-FSP model.
The EPI-FSP model - The central question for the
EPI theory is - why is the anti-nodal singularity ω
(40)
sing
shifted in the superconducting state, but the nodal kink
ω
(70)
kink is not? We show that in order to solve the ARPES
non-shift puzzle one should go, as it is said before, be-
yond the standard Eliashberg theory for the EPI [7].
To remaind the reader, the standard Eliashberg the-
ory implies that ω
(40)
sing and ω
(70)
kink should be shifted in
the superconducting state to ω
(40)
sing → ω
(40)
ph + ∆0 and
ω
(70)
kink → ω
(70)
ph +∆0, respectively. Here we show that the
ARPES non-shift puzzle can be explained by the EPI-
FSP model which contains the following basic ingredi-
ents: (1) The EPI is dominant in HTSC and its spec-
tral function α2F (k,k′,Ω), which enters the Eliashberg
equations below, has a pronounced FSP at k − k′ = 0,
due to strong correlations. Its width is very narrow
| k − k′ |c≪ kF even for overdoped systems [11], [1].
Near the Fermi surface one expects that α2phF (k,k
′,Ω) ≈
α2phF (ϕ, ϕ
′,Ω) [13], and in strongly correlated systems
one has α2phF (ϕ, ϕ
′,Ω) ∼ γ2c(ϕ − ϕ
′), where the charge
vertex γc(ϕ−ϕ
′) is strongly peaked at ϕ−ϕ′ = 0 with the
width δϕw ≪ π [11], [1]. Thereby, one can put in lead-
ing order α2phF (ϕ, ϕ
′,Ω) ≈ α2phF (ϕ,Ω)δ(ϕ − ϕ
′), which
picks up the main physics whenever δϕw ≪ π [1]. The
EPI-FSP model, which results from the t−J model with
the electron-phonon interaction [11], [1] predicts the fol-
lowing important results: (a) the strength of pairing is
due to the EPI, while the residual Coulomb interaction
(including spin fluctuations) triggers the pairing to d-
wave one; (b) the transport coupling constant λtr enter-
ing the resistivity, ̺ ∼ λtrT is much smaller than the
pairing one λph, i.e. λtr < λph/3. We stress that the
FSP in the EPI of strongly correlated systems is a gen-
eral effect by affecting electronic coupling to all phonons.
This is an important result, since for some phonons (for
instance the half-breathing modes of O ions) the bare
coupling constant g20(q) is peaked at large q ∼ 2kF and
therefore detrimental for d-wave pairing, while the one
renormalized by strong correlations g2ren(q) = g
2
0(q)γ
2
c(q)
is peaked at much smaller q, thus contributing construc-
tively to d-wave pairing. The Monte Carlo calculations
on the Hubbard model with the EPI and finite repulsion
[12], confirm the existence of the FSP in the EPI - previ-
ously found analytically in [11]; (2) the dynamical part
(beyond the Hartree-Fock) of the Coulomb interaction is
characterized by the spectral function SC(k,k
′,Ω). The
ARPES non-shift puzzle implies that SC is either peaked
at small transfer momenta | k − k′ |≪ kF , or it is so
small that the shift is weakly affected and below the ex-
perimental resolution of ARPES. Since the ARPES data
give also that the Coulomb coupling constant λC < 0.4 is
much smaller than λph > 1, then the kink is practically
insensitive to the k-dependence of SC . Due to simplic-
ity we assume the former case - see also discussion after
Eq.(4); (3) The scattering potential due to non-magnetic
impurities has pronounced forward scattering peak - due
to strong correlations [11], [1], thus making d-wave pair-
ing robust in the presence of impurities - see more below.
Eliashberg equations for the EPI-FSP model - The
Matsubara Green’s function is defined by (k = (k, ωn))
Gk =
1
iωk − ξk − Σk(ω)
= −
iω˜k + ξk
ω˜2k + ξ
2
k
+ ∆˜2k
, (1)
where ξk, ω˜k and ∆˜k are the bare quasiparticle en-
ergy, renormalized frequency and gap, respectively [13].
The 2D Fermi surface of HTSC is parameterized by
k = (kF+k⊥, kFϕ), where kF (ϕ) is the Fermi momentum
and kFϕ is the tangent on the Fermi surface [13]. In that
case ξk ≈ vF,ϕk⊥ and
∫
d2k[...] ≈
∫ ∫
dξdϕkF,ϕ/vF (ϕ) =∫ ∫
Nϕ,ξdξdϕ. After the ξ-integration the Eliashberg
equations in the FSP model read
ω˜n,ϕ = ωn + πT
∑
m
λ1,ϕ(n−m)ω˜m,ϕ√
ω˜2m,ϕ + ∆˜
2
m,ϕ
+ΣCn,ϕ, (2)
∆˜n,ϕ = πT
∑
m
λ2,ϕ(n−m)∆˜m,ϕ√
ω˜2m,ϕ + ∆˜
2
m,ϕ
+ ∆˜Cn,ϕ, (3)
where λ1(2),ϕ(n −m) = λph,ϕ(n −m) + δmnγ1(2),ϕ with
the electron-phonon coupling function λph,ϕ(n)
λph,ϕ(n) = 2
∫
∞
0
dΩ
α2ph,ϕFϕ(Ω)Ω
Ω2 + ω2n
. (4)
Note, that Eqs.(2-3) have a local form as a function of
the angle ϕ, i.e. the energies at different points on the
Fermi surface are decoupled. Just this (decoupling) prop-
erty of the Eliashberg equations in the EPI-FSP model,
is crucial for solving the ARPES non-shift puzzle. The
term ΣCn,ϕ is due to the dynamical Coulomb effects and
its calculation is the most difficult part of the problem.
ΣC is proportional to the charge vertex γc(ϕ − ϕ
′) and,
as we said in (2), we assume that it is also almost ”local”
on the Fermi surface, although this assumption is not
crucial at all, since λC ≪ λph. After the ξ-integration
it reaches the same form as the second term in Eq.(2),
where λ1,ϕ(n−m) is replaced by the Coulomb coupling
function λC,ϕ(n −m). The latter has the same form as
Eq.(4) but α2ph,ϕFϕ(Ω) is replaced by SC,ϕ(Ω). ARPES
spectra give evidence that ImΣCϕ (ω) ≈ −πλC,ϕω/2 at
T < ω < ΩC which we reproduce by taking SC,ϕ(ω) =
AC,ϕΘ(| ω | −T )Θ(ΩC− | ω |), where AC,ϕ is normalized
to obtain λC,ϕ . 0.4. The contribution of the Coulomb
3interaction to the gap, ∆˜Cn,ϕ, in Eq.(2) includes the fol-
lowing effects: (i) of the Hartree-Fock pseudopotential
- which maximizes Tc when < ∆˜n,ϕ >F= 0 and fa-
vors unconventional (d-wave) pairing; (ii) of the dynam-
ical part of the Coulomb interaction which is unknown
and an approximation for ∆˜C is needed. The SFI ap-
proach assumes that ∆˜C(k, ωn) depends on the dynam-
ical spin susceptibility χs. Since Imχs(q, ω) is peaked
at Q = (π, π) this term is repulsive and favors d-wave
pairing. Although ∆˜Cn,ϕ contributes little to ∆˜n,ϕ, it is
important to trigger superconductivity from s- wave to
d-wave pairing [1], [11].
In Eqs.(1 − 2) non-magnetic impurities are included.
Strong correlations induce the FSP in the impurity scat-
tering matrix, being t(ϕ, ϕ′, ω) ∼ γ2c(ϕ − ϕ
′) [1]. In
leading order one has t(ϕ, ϕ′, ω) ∼ δ(ϕ − ϕ′), thereby
not affecting any pairing. In reality impurities are pair-
breaking for d-wave pairing and the next to leading term
is necessary. This term is controlled by two scattering
rates, γ1,ϕ and γ2,ϕ, where γ1,ϕ − γ2,ϕ ≥ 0. The case
γ1,ϕ = γ2,ϕ leads to the extreme forward scattering -
not affecting Tc, while γ2,ϕ = 0 means an isotropic and
strong pair-breaking scattering [1].
Quasiparticle renormalization - The quasiparticle en-
ergy ω(ξ
k
) is the pole of the retarded Green’s function.
For numerical calculations we take for simplicity the
Lorentzian shape for α2ph,ϕFϕ(Ω) centered at ωph. Since
our aim is a qualitative explanation of the ARPES non-
shift puzzle, we perform calculations only for moderate
coupling constants λph,ϕ ≈ λph = 1, λC = 0.3 in both,
the nodal and anti-nodal direction. In fact they can take
larger values, i.e. λph . 2 especially in the anti-nodal
region. It is apparent from Eqs.(1 − 2) that the quasi-
particle renormalization is local (angle-decoupled) on the
Fermi surface. This behavior is expected to be realized
in a more realistic model with the finite width δϕw when
δϕw ≪ π [1].
(I) Kink in the spectrum in the nodal direction - The
kink at ω
(70)
kink ≈ 70 meV in ω(ξk) means that the quasi-
particles moving along the nodal direction (ϕ = π/4) in-
teract with phonons with frequencies up to 70 meV [14],
i.e. α2ph,pi/4Fpi/4(Ω) 6= 0 for 0 < Ω . 70 meV . Since
∆pi/4(ω) = 0 then the ”local” form of Eq.(2) implies that
the spectrum ω(ξk) is not shifted in the superconducting
state. Numerical calculations in Fig.1a confirm this an-
alytical result what is in agreement with ARPES results
[3]. It is expected that for a realistic phonon spectrum
the theoretical singularity in ω(ξk) (shown in Fig.1a)
will be smeared having also an additional structure due
to other phonons which contribute to α2F (ω).
(II) Singularity in the anti-nodal direction - The sin-
gularity (not the kink) in ω(ξ
k
) at ω
(40)
sing in the anti-nodal
direction (ϕ ≈ π/2) is observed in ARPES in the nor-
mal and superconducting state of La2−xSrxCuO4 and
BISCO [6]. This means that the quasiparticles mov-
ing in the anti-nodal direction interact with a narrower
phonon spectrum centered around ω
(40)
ph ≈ 40 meV .
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FIG. 1: (a) The quasiparticle-spectrum ω(ξ
k
) and (b) the
imaginary self-energy ImΣ(ξ = 0, ω) in the nodal direction
(ϕ = pi/4) in the superconducting (T = 0.2 meV ) and normal
(T = 6 meV ) state. ΩC = 400 meV is the cutoff in SC .
Since | ∆pi/2(ω) |= ∆0, then Eq.(1) gives that in the
normal state ω(ξk) is singular at ωsing = ±ω
(40)
ph , while
in the superconducting state the singularity is shifted to
ω
(40)
sing = ±(ω
(40)
ph + ∆0). This is confirmed by numeri-
cal calculations in Fig.2a for ω(ξk), and in Fig.2b for
ImΣ(ϕ, ω), for λph = 1 and λC = 0.3. ARPES spectra
give λph > 1 in the anti-nodal region. [6].
Note, that the theoretical singularity in Fig.1a is
stronger than in Fig.2a, because the calculations are per-
formed for the same temperature, and since ω
(70)
ph > ω
(40)
ph
the latter singularity is smeared by temperature effects
more than the former. The real shape of these singulari-
ties depends on microscopic details, such as for instance
the presence of the van Hove singularity slightly below
the Fermi surface in the anti-nodal region, etc. This will
be studied elsewhere.
(III) The “knee”-like shape of ImΣ(ξ = 0, ω) - The
“knee” is shown in Fig.1b for the nodal kink (at ωph = 70
meV ) and in Fig.2b for the antinodal singularity (at
ωph = 40 meV ). In both cases there is a clear “knee”-
like structure for ω near ωph, what is in accordance
with the recent ARPES results in various HTSC fami-
lies [3], [4], [5], [6]. From Fig.1b it is seen that for ener-
gies ω
(70)
ph < ω < ΩC the linear term is discernable in |
ImΣ |=| ImΣph + ImΣ
C |∼| ImΣph(ωph) | +πλC,ϕω/2,
while for ω ≈ ω
(70)
ph the slope of | ImΣ(ξ = 0, ω) |
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FIG. 2: (a) The quasiparticle-spectrum ω(ξ
k
) and (b) the
imaginary self-energy ImΣ(ξ = 0, ω) in the anti-nodal direc-
tion (ϕ = 0; pi/2) in the superconducting (T = 0.2 meV ) and
normal (T = 6 meV ) state.
is steeper, since for λph(= 1) ≫ λC(= 0.3) the term
| ImΣph(ωph) | (≫| ImΣ
C(ωph) |) dominates. The
“knee”-like shape of ImΣ(ξ = 0, ω), as well as the non-
shift of the kink at 70 meV, are ”smoking gun” results
for HTSC theories, which obviously favor the EPI as the
pairing interaction. At present only the EPI-FSP the-
ory is able to explain all distinctive features in ARPES
spectra in a consistent way. The “knee”-like structure
in the normal state was also obtained in [15], where the
EPI and Coulomb interaction are treated phenomenolog-
ically. The EPI-FSP theory predicts also the “knee”-like
structure in the anti-nodal region. However, in this case
the closeness of the anti-nodal point to the van Hove sin-
gularity may influence Σph(ξ = 0, ω) significantly and
change its shape too. This will be studied elsewhere.
(IV) ARPES dip-hump structure - The EPI-FSP
model explains qualitatively the dip-hump structure in
A(ϕ, ω) = −ImG(ϕ, ω)/π which was observed recently in
ARPES [4]. In Fig.3a it is seen that the dip-hump struc-
ture is realized in the normal state (also in the presence
of impurities) already for a moderate coupling constant
λph = 1. The dip is more pronounced in the supercon-
ducting state where the peak in A(ω) is appreciable nar-
rowed, what is in accordance with ARPES experiments
[4]. Contrary to expectations, the dip-energy does not
coincide with the (shifted) phonon energy at ωph = 40
meV . However, the positions of the maxima of −dA/dω
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FIG. 3: (a) The spectral function A(ξ = 0, ω) and (b) -
−dA(ξ = 0, ω)/dω in the anti-nodal direction in the super-
conducting (T = 0.2 meV ) and normal (T = 6 meV ) state
for various impurity scattering rate γ1 and γ2 = 0; λph = 1,
λC = 0.3.
appear near the energies (−∆0 − nωph) as it is seen in
Fig.3b. The calculations give also a dip in both, the
anti-nodal and nodal density of states N(ω) (not shown)
already for λph = 1, which is more pronounced for larger
λph(> 1).
Discussion and conclusions - In obtaining Eqs.(1− 4)
in the EPI-FSP model the Migdal vertex corrections due
to the electron-phonon interaction are neglected. In [16]
it is shown that these corrections may increase Tc signif-
icantly, at the same time decreasing the isotope effect,
even for λph < 1. However, these results can not change
the qualitative picture obtained by the present theory.
In conclusion, the four distinctive features in the quasi-
particle self-energy Σ(k, ω), obtained from the ARPES
spectra in HTSC materials, are explained consistently
by the theory in which the electron phonon interaction
(EPI) with the forward scattering peak (FSP) dominates
over the Coulomb scattering. In particular, this theory
explains why there is no shift of the nodal kink at 70meV
in the superconducting state, contrary to the clear shift
of the anti-nodal singularity at 40 meV . The “non-shift”
effect is a direct consequence of the existence of the FSP
in the EPI, i.e. due to the long-range character of the
electron-phonon interaction in HTSC oxides [17]. This is
also supported by the pronounced long-range Madelung
EPI, which is caused by the ionic-metallic character of
layered HTSC oxides [1], [18]. However, for the quanti-
tative theory the EPI-FSP model must be refined by in-
cluding the realistic phonon and band structure of HTSC
oxides.
Finally, based solely on the ARPES and tunnelling
spectra, as well as on dynamical conductivity measure-
ments, one can make a reliable phenomenological theory
for the pairing in HTSC oxides. Its basic ingredient is the
5electron-phonon interaction (which provides the strength
for pairing) with the pronounced forward scattering peak,
whatsoever is its cause, while the Coulomb scattering, in
spite of its weakness compared to the EPI, triggers su-
perconductivity to d-wave like [1], [11], [17]. This phe-
nomenology is described by Eqs.(1-4), or their general-
ization to a realistic forward scattering peak with small
but finite width δϕw ≪ π.
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